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Modeling of Cylindrical Dielectric Resonators in
Rectangular Waveguides and Cavities
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Abstract—The mode matching method is used to accurately
model a generalized cylindrical dielectric resonator structure
in a rectangular waveguide or cavity. The field distributions of
different modes in cavities are given. The resonant frequencies
of the cavities are calculated and compared to the measured
data, showing very good agreement. The resonator structure
can be a dielectric disk resonator, a ring resonator, a dielectric
resonator with support, etc. This structure can be used in filter
design as the basic element, which provides very good mechan-
ical stability. The slot coupling between cavities is also ana-
lyzed, showing some interesting results.

I. INTRODUCTION

IELECTRIC loaded resonators and filters are widely

used in satellite communications. The dielectric re-
sonators are usually axially loaded in cylindrical enclo-
sures [1]. In this structure, it is difficult to support the
resonators, especially for more than 4-pole dual or 2-pole
single mode filters. For good mechanical stability, planar
dielectric loaded resonators, i.e., the cylindrical DR
which is held perpendicular to the axis of the filters in a
rectangular enclosure, are proposed for dual mode filters
[2]. However, modeling planar DR is a difficult problem
which has not been treated in the literature. This paper
presents a method for analyzing such structures.

The configuration of a planar DR loaded rectangular
waveguide is shown in Fig. 1. To properly implement
mode matching, the structures and discontinuities bound-
aries are required to be parallel to the axes of only one
kind of coordinate system. When this is not the case, e.g.,
a cylindrical DR in a rectangular waveguide, classical
mode matching becomes inapplicable. The point match-
ing method [3]-[5] and moment method with point match-
ing [6] are used, which is far less accurate than using the
mode matching method. Image principles are used in [7]
and [8], in which an infinite number of images of the cyl-
inder with respect to the guide walls are taken to match
the boundaries of the walls. The scattered ficlds of the
cylinder are represented in terms of the waveguide modes
to yield a general formula determining the scattering ma-
trix of the system. This is an approximate, powerful
method, but it is more complicated and less accurate than
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Fig. 1. Configuration of a generalized dielectric resonator with support in
a rectangular waveguide. :

mode matching. The integral equation with Green’s func-
tion is used in [9]. This method has already been suc-
cessfully used in free-space scattering problems. How-
ever, adapted to waveguides, it becomes too complicated
to solve practical problems. The equivalence principle is
used in [10], which might be an alternative of mode
matching, but with no advantage observed. In [11], the
Bessel-Fourier series is used to obtain the mutual inner
product integrations of a dielectric post loaded rectangu-
lar waveguide junction, in which the integration for each
term of the series can be analytically calculated. In [11],
the post extends from the bottom to the top of the wave--
guide, therefore, only TE,,; modes are considered.

In this paper, an approach similar to that in [11], with
a generalized Bessel-Fourier series, is used to analyze the
more general practical cylindtical structure shown in Fig.
L. Such a structure includes dielectric disk resonators, ring
resonators, dielectric resonators with supports, etc.

Resonant frequencies and field distributions in DR
loaded cavities are calculated. Measured data confirm the
correctness and accuracy of the numerical results, show-
ing very good agreement. As an application, the coupling
of two identical planar DR loaded rectangular cavities
through a rectangular slot, as shown in Fig. 2, is also
calculated and compared to measured results.

0018-9480/93$03.00 © 1993 IEEE
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Fig. 2. Cylindrical dielectric resonator filter with (a) vertical slot cou-
pling, and (b) horizontal slot coupling.

II. SCATTERING FROM A CYLINDRICAL DR IN A
RECTANGULAR WAVEGUIDE

The structure under consideration, shown in Fig. 1,
consists of an infinite rectangular waveguide of cross sec-
tion 2a X b, loaded with a dielectric cylindrical resonator
of thickness f, diameter 2r,, supported by a concentric
dielectric cylindrical tabular support of height 2. The axis
of the cylindrical dielectric structure coincides with the
. y-axis of a Cartesian coordinate system (x, y, z), and the

rectangular waveguide walls are located at'x = +a, and
y = 0, b. The z-axis is normal to the cross section of the
rectangular waveguide. A cylindrical coordinate system
(p, ¢, y) is defined by p? = x> + 22, tan ¢ = x/z, as
shown in Fig. 1. The structure of Fig. 1 is divided in two
regions: region P, the cylindrical post region, defined as
o-< a; and region w, the rectangular waveguide region,,
‘definedas p > a; —a < x < a; 0 < y < b. The cylin-
drical post region P is further subdivided into three subre-
gions P, P, and P; defined as

P1:p<

=7
P2: r
P3:

Finally, the waveguide region w is subdivided into subre-
gions w; and w, defined as

=p ry

<

rnh=<p=a.

wy p>a —a<x<aldl<y<bz<0

w, p>a —a<x<z0<y<bz>0.

The fields in the post regions Py, P,, and P; are repre-
sented by a superposition of the modal functions in cylin-
drical coordinates (p, ¢, y). These fields are expressed in
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terms of the multilayer parallel plate waveguides using
the method described in [12]. Matching the boundary
conditions at p = r; and r,, which requires the tangential
fields to be continuous, results in a matrix equation relat-
ing the modal field coefficients in region P; of the form

. R¢
Vu Vi, Vis V, T
[ 11 12 13 l4:| . _ 0 ( 1)
V21 V22 V23 V24 R
T

where the V, are submatrices whose elements are combi-
nations of inner products of eigenfunctions of the fields
in regions P, P,, and Ps; R®, T°, R", and T" are field
coeflicient vectors of eigenmodes in region P;. The su-
perscript e and A represent TM and TE eigenmodes (to the
y-direction), respectively.

The tangential field components are matched on the im-
aginary boundary p = a between region P; and the two
waveguide regions w; and w,. Due to the symmetry of the
structure about the plane x = 0, perfect electric wall

(PEW) or perfect magnetic wall (PMW) can be placed at

this plane to simplify the problem. This process results in
a matrix equation relating to the coefficient vectors of the
incident and reflected normal mode fields in the two
waveguide regions w; and w, to the field coefficient vec-
tors of the eigenmodes in region P; of the form

_AI;

Q)

Wa
Blle
BIIh

b

where the W’s are submatrices whose clements are ex-
pressed in terms of the inner products of modes at the
imaginary boundary surface p = a. The A’s and B’s are
the field coefficient vectors of the incident and refiected
waves in the waveguide regions w; and w,. When (2) is
substituted into (1), a matrix equation relating the B’s and
A’s can be obtained as

B Al '
[B] = [ B,,} = [@17' [P] [ A,,} = [S11A] (3

"where matrix [S] is the desired generalized scattering ma-

trix of the waveguide discontinuity junction.

Because of the different coordinate systems at each side
of the imaginary boundary, analytical integrations cannot
be obtained directly for the mutual inner products. Instead
of using numerical integrations that require a large amount
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of CPU time, Bessel-Fourier series are used to derive two  centric loops as in the cylindrical cavity. Fig. 4 shows the

series, which can give analytical integration solutions in

each term of the series. The two series are

*®

Sin I:’;l'—;r (p Sin (¢) ~+ a):l e:F’szPCOS(d’) — Z

n=-—oo

mw
cos {2— (p sin (¢) + a)} e T Imoe@) =
a

J.[T(p)] exp [F jn arctan 2a|vy,,|/m/x),
LIT(P)] [mm + 2ay,,)/(mm — 2ay,)]™"/,
(=D"2 LI T(p) |1 7 + 2a%,)/(mx — 2ay,)] ™2,

T(p) = 2 Vmn)" — 4a’+7,
2a

2 . \2
2w k3= (22) 4 (),
Y m kO <2a b

III. CyLINDRICAL DR LOADED RECTANGULAR
CAVITIES

After the generalized scattering matrix of the cylindri-
cal DR loaded rectangular waveguide junction is ob-
tained, the cavity structure can be easily modeled by put-
ting two perfect electric wall planes at z = +L/2 in Fig.
1 with L > 2r,. Shifting the reference planes of the ob-
tained generalized scattering matrix to z= 4L /2, the res-
onant frequencies of the cavity can be obtained as [13]

det[S+I]1=0 &)

where [I] is identity matrix. By increasing the maximum
indices of modes in every dimension in each region of the
structure, the numerical results should converge. Several
test runs have shown that the maximum index in x and y
directions in the waveguide regions of 6 and 10, respec-
tively, is a proper choice. The maximum indices in ¢ and
y directions in post regions are the same as in x and y
directions in the waveguide regions, respectively. Once
the resonant frequencies are calculated, the field coeffi-
cients in waveguide regions can be calculated through (5).
All the other field coefficients in the other post regions
can also be calculated. From these field coefficients in
each region, the field distributions can be computed
through the field expressions in the corresponding region.

Intuitively, the field patterns in the rectangular cavity
should be close to those in the cylindrical cavity of equiv-
alent parameters. Fig. 3 shows the electric field distribu-
tions of first 7E mode in x — z plane in the DR cross
section. The TE mode is similar to that in cylindrical cav-
ity structure. As expected, the electric fields form con-

(4c)

(4d)

n=—o

magnetic field distributions of the first 7M mode in the

sin <% + n¢>

J[T(p)] exp [ jn arctan (2a|v,,|/m/ )],
LIT(p)] [mm + 2ay,;)/(mm = 2av,,)]17 "2,
(D" LI T(o) |1 [nm + 2a7,,)/(mx — 2ay,)] ™",

Yo < 0
Vi > 0, mr > 2a|y,| (4a)
'erm' > 07 mr < 2a!7mt|
2. cos <_n_1_7_r + n¢>>
2
7;2m' <0
You > 0, mx > 2a|yy,| (4b)

Ymi > 0, m7 < 2a | Yl

same x — z plane as in Fig. 3. The magnetic fields form
concentric loops as expected. Fig. 5(a) gives the electric
field distributions of the first HE mode in x — z plane at
y = 0.4" with PEW and PMW at x = 0 plane. Fig. 5(b)
gives the magnetic field distributions of the same mode in
the same plane. As it is shown, the HE modes with PEW
and PMW at x = 0 are degenerate modes. Fig. 5(c) gives
the magnetic field distributions of HE mode in x — y plane
atz = —0.5", which is at the end conductor plane.

For the resonant frequencies, again intuitively, the cy-
lindrical DR in square cavities should give close results
to those in cylindrical cavities, if the dielectric constant
of the DR is high. Figs. 6 and 7 compare the results of
the resonant frequencies of the two kinds of cavities with
the variation of DR dielectric constant for three different
modes. The cylindrical cavity diameter is taken to be the
same as the square cavity width (24) and length (L). As
expected, the results from the two kinds of cavities are
very close. Fig. 8 shows the effects of the support dielec-
tric constant on the resonant frequencies. Fig. 9 shows
the effects of the cavity length on the resonant frequen-
cies. When increasing the cavity length, the resonant fre-
quency with PEW at x = 0 plane decreased as expected,
however, the one with PMW increased.

Table I gives the comparison of the calculated and
measured resonant frequencies on three different DR’s.
Good agreement is achieved.

IV. Sror CoupLING FOR FILTER APPLICATIONS

The main application of the cavity structure discussed
in this paper is its use as a basic filter element. Estimating
the coupling between two adjacent cavities is the key to
successfully designing a filter. The coupling structures,
as shown in Fig. 2, consist of two identical cavities with
a vertical /horizontal rectangular slot inserted in between.
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Fig. 3. Electric field distributions for the first 7E mode at y = 0.4” with
2a=1",b=1",2r, =0",2r, = 0.689", h = 0.275",t = 0.23", L =
1", and ¢, = 38.
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Fig. 4. Magnetic field distributions for the first TM mode at y = 0.4" with
2a=1",b=1",2r, =0",2r, = 0.689", h = 0.275", ¢t =0.23", L =
17, and ¢, = 38.

The rectangular slot between the two cavities creates two
waveguide discontinuities connected back to back by a
length of evanescent mode waveguide. These two wave-
guide discontinuities can be modeled by mode matching
as in [14]. Cascading the generalized scattering matrices
of the cylindrical DR loaded rectangular junctions and the
waveguide discontinuities [13], as shown in Fig. 10, the
resonant frequencies f, and f,, of the coupled structure can
be calculated from (5). Here, f, and f,, are calculated by
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Fig. 5. (a) Electric field distributions for the first HE mode at y = 0.4"
with2a = 1", b =1",2r, = 0", 2r, = 0.689", h = 0.275", ¢t = 0.23",
L =1", ¢, = 38; PEW for the upper one, and PMW for the lower one. (b)
Magnetic field distributions for the first HE mode at y = 0.4" with 2a =
1", b=1",2r,=0",2r, =0.689", h = 0.275",t= 023", L = 1", ¢,
= 38; PEW for the upper one, and PMW for the lower one. (¢) Magnetic
field distributions for the first HE mode at z = —0.5" with2a = 1", 6 =
1", 2r, = 0", 2r, = 0.689", A = 0.275", ¢t = 0.23", L = 1", ¢, = 38;
PEW for the upper one, and PMW for the lower one.

putting PEW and PMW, respectively, at the symmetric
plane A — A. Then the coupling coefficient can be simply
calculated as
M 2 _ g2
k=—= % 6)
L fet+fm
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Fig. 5. (Continued.)

Tangential magnetic fields in x — y plane at the slot
position are the main fields that produce the coupling.
From Fig. 5(c), the tangential magnetic fields of the HE
mode with PEW at x = 0 plane are mainly in the y direc-
tion, therefore, strong coupling is expected for vertical
slot and almost zero coupling for horizontal slot. On the
other hand, the fields of the HE mode with PMW at x
0 plane ate forming loops, strong coupling is expected for
horizontal slot, and almost zero coupling for vertical slot.
Fig. 11 shows the variation of the coupling coefficients
with the vertical slot length. The measured data are also

(©)

given, showing good agreement. Fig. 12 shows the vari-
ation of the coupling coefficients with the horizontal slot
length. Although the same trend between calculated and
measured data is obtained, there is an unexplained dis-
crepancy between them, which is currently under inves-
tigation.

V. CONCLUSIONS
Accurate modeling of cylindrical dielectric resonators
in rectangular waveguides and cavities is presented. The
mode matching method is used with the derived Bessel-
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TABLE I
COMPARISON OF CALCULATED AND MEASURED RESONANT FREQUENCIES
2a=1",b=1",2r, =0, h =0.275",L = 0.92”, and ¢, = 38

2r, (inch) t (inch) Calculated Measured
0.654 0.218 4.3880 4.382
0.689 0.230 4.1605 4.153
0.757 0.253 3.721 3.7717
A
I 12 |t 1 1§
i -t e e
[Sox] [Ssu] [Ssu] Sox)| |
A

Fig. 10. Equivalent scattering matrix network of two cavities coupled
through a rectangular slot. /,—slot thickness, /,—distance from DR to end,
l,—distance from DR to slot.
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